Within the ideas of pseudo-supersymmetry, we have studied a non-Hermitian Hamiltonian
Introduction
A class of quantum potentials known as conditionally exactly solvable(CES) models which include one or more specific fixed coupling constants was introduced by Dutra [1] . Since then, CES models have attracted considerable attention [2, 3, 4, 5, 6, 7, 8, 9] . Recently, a non-polynomial, one dimensional isotonic nonlinear oscillator potential [6, 7, 8, 9] and its generalization to a d dimensional model have been studied [10] . On the other hand, specific symmetries of the isotonic potential have been investigated [11] . Previously, a CES model which is an isotonic nonlinear oscillator potential constructed by a superpotential in [3] . The isotonic potential which is a harmonic oscillator with a barrier potential is given by [4, 5] V (x) = 1 2
where g > − 1 2 . Classically, isotonic potential model has a property which is the family of periodic solutions with the same period [12] and quantum mechanically the energy spectrum is equidistant [13] . Recently, for the Schrödinger equation, Cariñena et al investigated the solutions of
where the new additional term is non-polynomial and it is the sum of two centripetal barriers in the complex plane [6] . Later Fellows and Smith showed that this potential is a supersymmetric partner of a harmonic oscillator [7] . Within position dependent mass aproach, it is shown that the source and the target potentials share the same energy where the isotonic potential is the reference potential [9] . At the same time, the fundamental framework of pseudo-Hermitian quantum mechanics has been proposed in [14] and the idea of non-Hermitian Hamiltonians has spread to many branches of physics such as electrodynamics [15] , biological physics [16] , quantum information [17] and theoretical physics [18, 19, 20, 21] . In this study, we discuss the isotonic oscillator with a non-polynomial term which is a Hermitian counterpart of non-Hermitian Swanson Hamiltonian [22, 23, 24, 25, 26, 27, 28, 29] , in other words, our model can be a generalization of the non-Hermitian models for a nonlinear isotonic potential within the framework of pseudo-supersymmetry [30, 31, 32] . We shall also seek for the solutions of the corresponding system. The plan of the paper is as follows. In section 2, we introduce a brief review for factorization and hierarchy of Hamiltonians. Section 3 devoted to non-Hermitian partner Hamiltonians H ± which are isospectral except for the ground state. Pseudo-supersymmetry relations between the partner Hamiltonians are discussed. In section 4, the solutions of the Hermitian equivalent Hamiltonians of H ± are introduced.
The aim of this work devotes us to use factorization approach. As is well known, the superalgebra constructed by the super Hamiltonian H s and the supercharges Q, Q † is [33] 
where Q, Q † commute with H s and ' †' is the Hermitian conjugation:
The supercharges are given by the following matrices,
Here, H s is diagonal that can be factorized in the manner
where A and A † are first order differential operators given by a more general realization [34] 
where b(x) is the superpotential related to the partner potentials
which are elements of the partner Hamiltonians:
The ground states can be introduced as
where ψ ± n (n = 0, 1, ...) stands for the bound state wavefunctions for H ± . Let E ± n are the energy eigenvalues of H ± , then we suppose that the H − is known and has normalizable vanishing ground state energy in the unbroken SUSY case. In this manner, we have
2 Non-Hermitian partner Hamiltonians
In order to describe a physical system, a non-Hermitian Hamiltonian H − should be η-pseudo Hermitian [14] ,
where η is a linear, invertible operator. If η is not a Hermitian operator, then the Hamiltonian is known as weakly pseudo-Hermitian [35] . To find a Hermitian Hamiltonian h − , one can use a similarity transformation h − = ρH − ρ −1 and the metric operator is obtained using η = ρ 2 . Consider the ladder operators ξ, ξ † that are first order differential operators
which will be used in a pseudo-Hermitian quadratic Hamiltonian which is known as Swanson model [22] :
where parameters ω, α, β ∈ R and it was shown that the eigenvalues are real and positive ω 2 − 4αβ > 0 when ξ represents linear harmonic oscillator annihilation operator. Now, (14) can be cast in a differential operator form:
and
Hermitian equivalent of (14) which is
obtained by using
, then h − takes the form [19, 28] 
where [28] 
In order to factorize h − , it is written as a product of two operators
Let us give an ansatze for the operators we use in above
whereb(x) and a(x) are real and they can be chosen to generate V ± (x). Thus, V − (x) becomes
As is well known, h − is isospectral to its partner Hamiltonian h + that is
and it can be expressed as
Now, the partner potential of V − (x) is
Exploiting the fact that the non Hermitian partner Hamiltonians H ± and their Hermitian counterparts h ± are related by a similarity transformation
then we can get H + as
Finally, we can give a diagramatic representation for a chain of Hamiltonians we used as follows
such that we can arrive at partner Hamiltonian H + using this chain.
Factorization of the Hermitian counterparts of Swanson Hamiltonian
Some choices of a(x) and b(x) may lead to an effective potential model. In [23, 28] , it was shown that when the commutator is constant, i.e [ξ, ξ † ] = 1, then the relation between a(x) and b(x) can be given as [28] 
The more general case corresponds to [ξ, ξ † ] = 1. Then, let us use the ansatz for a(x) and b(x)
where c, d are some real constants. Here a i , i = 1, 2...5 can be recalled from (20) , i.e:
With an eye on what is to follow, let us first match (33) with (23) to factorize h − , so another ansatz is introduced forb(x) which is,b
At that case, V − (x) is written as
Hence, we can give the coupling constants of V − (x) in (37) in terms of ω, α, β so that we can compare (37) and (33) . At the same time, its partner V + (x) becomes
(38) After some straightforward algebra, partner potentials happen to be
We seek for a solvable V + (x) which implies some parameter restrictions such that the non-polynomial part in (38) vanishes within these conditions below
Herefrom, if we plug (41) into V + (x), it turns into
The same procedure is followed for V − (x), it follows that
Comparing (33) and (43), as we stated before, it may give us a chance to write µ, λ, ̺ in terms of ω, α, β. Then,
(a 2 − 2a 1 )(c + 1) + a 5 = 2d(̺ + 7 √ω
We can solve c using last two relations above:
Using (44), (45) and (46), ̺ can be found as
where
There are some restrictions on parameters such as ̺ > 0, so we take ̺ =
Inside the square root in (50) must be positive, ̺ is positive, then 4X > 43ω. Because a 2 − 2a 1 = −ω 2 +3(α+β)ω+2(α−β) 2 ω < 0, then we need c < 0, |c| > 1 and we use the negative sign for c which is
. When (50), (49) are satisfied, then Hermitian counterpart of H − which is h − given by (19) is factorized.
Pseudosupersymmetry
Here, H − is diagonalizable with a discrete spectrum which admits a set of complete biorthonormal eigenvectors {|Ψ n , |Φ n }:
On the other hand, the intertwining relations between h ± can be written as
And, H − given in (14) is a non-Hermitian and diagonalizable Hamiltonian with real or complex conjugate eigenvalues. If there exists an operator η 1 such that
where H + is the partner Hamiltonian of H − , then, the intertwining operator η 1 is given by η 1 = ρ −1 Aρ where A and its adjoint satisfy (54) and (55). This relation η 1 = ρ −1 Aρ was proven before [31] . The intertwining operator that links a non-Hermitian Hamiltonian to the adjoint of its pseudo-supersymmetric partner Hamiltonian was also studied [32] . If one uses the similarity transformation
then, if we multiply (57) by ρ −1 A from right, we have:
and if we use (55) in (58), we get
Then, it is seen that the intertwining operator η 1 is given by η 1 = ρ −1 Aρ. Following the same way we can obtain η 2 H + = H − η 2 where η 2 = ρ −1 A † ρ. Here, η 1 and its pseudo-adjoint η 2 can be shown as
which leads to construct pseudo-super algebra of non-Hermitian supersymmetry. Thus, the operators Q, Q ♯ become
The pseudo-super Hamiltonian can be introduced as
where pseudo-super charges satisfy
Now, let us find η 1 for our problem, it can be written as
which connects two partner Hamiltonians H ± . We can arrive at H + using η 1 given above.
Solutions
In this section, we aim to obtain the solutions of the partner Hamiltonians with (42) and (43). Let eigenfunctions of h ± andh ± be ψ ± (x) andφ ± (x). Then, h ± can be transformed intoh ± ,
where θ = a(x). One may use the change of independent variable in (67) as,
and for our problem it equals to z = − 1 √ω x
. Then we arrive at
where we can write partner potentialsṼ ± = V ± +ω 4 a ′2 (x) +ω 2 a(x)a ′′ (x) in terms of z as
andṼ
We know that (70) and (71) are isospectral. In [36] , an eigenvalue equation which is given by
has exact eigenvalues and eigenfunctions as ǫ n = 2δ(2n + γ), n = 0, 1, 2, ...
where γ = 1 +
This model was studied by Goldman and Krivchenkov [37] who showed that the energy spectrum of this potential is an infinite set of equidistant energy levels. Then, if we useω = 
where C n is the normalization constant which is given by [36] C n = (−1)
and the solutionsφ + n (z) are square integrable on (0, ∞) [36] . The relation between the confluent hypergeometric function and Laguerre polynomials may be used later:
Here the Pochhammer symbol (s) n =
is used for both (77) and (78). Now, in order to find the eigenfunctions ofh − we can follow an algebraic way such that we can start with a mapping between h ± andh ± introduced before:h
Also, this relation can be written ash
= θAθ
and following the same way one obtainsh
whereÃ andÃ † can be introduced as
Finally we can useÃ † to find ϕ − n (z) which is the solution ofṼ − (z):
where we use µ and λ from (41) in (84). Using a relation [10] 
and the identity of Laguerre polynomials
helps us to re-write ϕ − n (z) as [10] 
On the other hand, one can show that the solutions ψ ± n (z) can be normalized. For example, ψ + n can be given as ψ
where N is the normalization constant. To normalize ψ + n , we may introduce the integral [38] 
for v > 0, m, n = 0, 1, 2, ... and δ mn = 0 if m = n, δ mn = 1 if m = n. Now we use
then we have
The integral representation of the gamma function is
and using a variable change, we obtain
The term in the bracket in above relation corresponds to hypergeometric function 2 F 1 , then we re-write J mn as
Using Chu-Vandermonde identity which is given by [36] 2 F 1 (a; b; c; 1) = Γ(c)Γ(c − a − b)
in (95), we get
Using the identity [36] (−k) n =
and (97), we obtain J mn = (n + γ)(n + 1)!Γ(γ) 2ω γ+1 (γ) n
for k = n = m. Finally, normalization constant becomes N = (−1) n 2ω γ+1 (γ) n ω(n + γ)(n + 1)!Γ(γ) .
Conclusion
To conclude, we have derived a new class of isotonic nonlinear oscillator using the concepts of pseudosupersymmetry. We have studied a generalized non-Hermitian Hamiltonian and its partner that can generate solvable isotonic and nonlinear oscillator potentials by using an appropriate mapping, i.e. a similarity transformation. Hermitian partner Hamiltonians which include effective solvable new isotonic and its nonlinear partner potential are factorized and it is seen that the nonlinear oscillator is solvable under parameter restrictions given by (41). We have also checked that the intertwining operator η 1 that connects non-Hermitian partner Hamiltonians H ± can be given in terms of a transformation of the factorization operator A as η 1 = ρ −1 Aρ. At the end, we give solutions of isotonic nonlinear oscillator after a coordinate and eigenfunction transformations. We have seen that the eigenvalues are real and positive which agrees with the results of [22] . We introduce formulae for all the discrete eigenvalues and normalized eigenfunctions.
